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Introduction: 

In this paper, we introduce the concept of almost-continuous mappings. we give some 

characterizations of almost-continuous mappings by showing every continuous mapping is almost-

continuous but the converse need not be true. Also we prove every almost-continuous mapping is 

weakly-continuous but the converse need not be true. But we prove an open mapping is almost-

continuous if and only if it is weakly-continuous. 

 Also we showed that composition of continuous function is almost-continuous is 

continuous. Also we discuss the product of almost-continuous and every restriction of an almost-

continuous mapping is almost-continuous. 

Definition:  

 A topology ƻƴ ŀ ǎŜǘ ƛǎ ŀ ŎƻƭƭŜŎǘƛƻƴ ˍ ƻŦ ǎǳōǎŜǘǎ ƻŦ · ƘŀǾƛƴƎ ǘƘŜ ŦƻƭƭƻǿƛƴƎ 

properties: 

 (a) fand X are in †. 

 (b) The union of the elements of any sub collection of † is in †. 

 (c) The intersection of the elements of any finite subcollection of † is in †. 

 

Definition: 

 [Ŝǘ ό·Σˍ ύ ōŜ ŀ ǘƻǇƻƭƻƎƛŎŀƭ ǎǇŀŎŜΦ ! ǎǳōǎŜǘ ¦ ƻŦ X is an open set of X if U 

belongs to the collection †. 

Example:  

 In the real line R, (a, b), (a,¤), (b,¤) are open. 

Definition: 

 Let A be a subset of a topological space. A point x Í A is said to be an interior 

point of A if A is a neighbourhood of x. The set of all interior points of A is called 

the interior of A .  

 ²Ŝ ǿǊƛǘŜ !ɕ ƻǊ Lƴǘ ! ŦƻǊ ǘƘŜ ƛƴǘŜǊƛƻǊ ƻŦ !Φ ! ƛǎ ƻǇŜƴ ƛŦ ŀƴŘ ƻƴƭȅ ƛŦ ! Ґ !ɕΦ 

 

Lemma:  

Let A and B be a subset of X. Then  

(1) ·ɕ Ґ · ŀƴŘ fɕ Ґf. 

(2) !ɕ Ë A. 

(3) ό!ɕύɕ Ґ !Φ 

(4) A Ë B ᵼ !ɕ Ë .ɕΦ 

(5) ( A  .ύɕ Ґ !ɕ  .ɕ ŀƴŘ !ɕ  .ɕ Ë (A  .ύɕΦ 
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Definition: 

 Let (X,†) be a topological space. A subset U of X is said to 

 

beclosediftheset X-U is open. 

 

Example:  

 The subset [a, b] of R is closed.  

R ς [a, b] = (-,¤, a)  (b,¤). 

But (-,¤, a) and (b,,¤) are open. 

Therefore, R-[a, b] is open. 

Therefore, [a, b] is closed. 

Definition: 

 ! ƳŀǇǇƛƴƎ ŦΥ·Ҧ¸ ƛǎ ǎŀƛŘ ǘƻ ōŜ almost-continuous[5] at a point x Í X,  

if for every neighbourhood M of f(x), there is a neighbourhood N of x such  

that f(N)Ëa ɋɕ 
 

Theorem:  

 Every continuous mapping is almost-continuous. 

Proof: 

Let f : (X, t)  (Y, t*) be a continuous mappings. 

Let x Í X. 

Then f(x) Í Y and M is a neighbourhood of f(x) in Y. 

Then there exists a neighbourhood N of x such that f (N) Ë M. 

{ƛƴŎŜ Ŧ ƛǎ Ŏƻƴǘƛƴǳƻǳǎ ŀƴŘ a ƛǎ ƻǇŜƴΣ a ɋɕ ƛǎ ŀƭǎƻ ƻǇŜƴΦ 

Therefore, f (N) Ë a Ґ a ɋɕΦ 

Hence f (N) Ë a ɋɕΦ 

Hence f is almost-continuous.   

The converse of the above Theorem need not be true in general as shown 

by the following Example. 

Example:  

 Let R be the set of real numbers and  

ˍ Ґ ϑf, R}  {U Ë X: X ς U is countable or all of X}. Let X = {a, b} and  

ƭŜǘ ˍϝ Ґ ϑfΣ ϑŀϒΣ ·ϒΦ [Ŝǘ ŦΥ όwΣ ˍύ Ҧ όwΣ ˍϝύ ōŜ ŘŜŦƛƴŜŘ ōȅ  

f (x) =  a if x is rational 

              b if x is irrational 
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Then f is continuous at each point of R, but f is not continuous at xÍR if x is rational. 

Proof: 

Let x ÍQ. 

Then f(x) = {a}. Open sets containing a are {a, b} and X. 

It is enough to check for {a}. 

Let U be a neighbourhood of {a}. 

¢ƘŜƴ ¦ ɋɕ Ґ ·Φ 

Now choose any open set V containing x, it must contain both Q and Qc. 

f (V) = {a, b}Ì ¦ ɋɕ Ґ ϑŀϒɋɕΦ 

Hence f is almost-continuous at Q. 

Let x Í Qc. 

Then f(x) = {b}. Open set  containing {b} is X. 

Let U be a neighbourhood of {b}. 

¢ƘŜƴ ¦ ɋɕ Ґ ·Φ 

Now choose an open set V containing  x. 

Therefore, f (V) Ì¦ ɋɕΦ 

Therefore, f is almost-continuous at x ÍQc. 

Hence f is almost-continuous . 

Let x Í Q. 

Then f(x) = a and f(x) Í V.  

Now aÍV = {a}. 

Then f -1 ({a}) = Q. 

.ǳǘ v ƛǎ ƴƻǘ ƻǇŜƴ ƛƴ ˍϝΦ 

Therefore, f is not continuous at x Í Q. 

 

Definition:  

 ! ƳŀǇǇƛƴƎ ŦΥ·Ҧ¸ ƛǎ ǎŀƛŘ ǘƻ ōŜ weakly-continuous [5] if for each point x Í X 

and each neighbourhood V of f(x), there exists a neighbourhood U of x  such that  

f(U) Ëὠ. 

Theorem: 

 Every almost-continuous mapping is weakly continuous. 

Proof. 

 Let f be an almost-continuous mapping.  

Claim: f is weakly continuous. 

Let x Í X. 
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Then f(x) Í Y and M is a neighbourhood of f(x). 

Since f is almost-continuous, there exists a neighbourhood N of x such that f (N) Ì a ɋɕΦ 

But M is a regularly open neighbourhood of f(x). 

Therefore, f (N) Ì a ɋɕ Ґ a ɋ ǿƘŜǊŜ a ɋ ƛǎ ŀ ƻǇŜƴ  ƴŜƛƎƘōƻǳǊƘƻƻŘΦ 

Therefore, f (N)Ì a ɋΦ 

Hence f is weakly-continuous.   ʉ

The following Example shows that the converse of the above Theorem need not be true. 

Example:  

 Let (R,†) be the space as in above Example . Let X={a, b, c} and  

let †* ={f,{a}, {c},{a,c },X}. 

Let f be a mapping of (R, †) into (X,†*) defined as follows: 

f (x) =       a     if x is rational 

                 b     if x is irrational 

 

 

Then f is a weakly-continuous open mapping which is not almost-continuous  

(at any rational point). 

Proof: 

Let x ÍQ. 

Then f(x) = {a}Í Q. 

Then f(x) Í U where U is a neighbourhood of f(x) and it must contain {a, b}. 

Therefore, there exists a neighbourhood V of x such that f (V) = {a, b}. 

That is, f (V) Ì ¦ ɋΦ 

Therefore, f is weakly-continuous. 

Let x Í Q. 

Then f(x) = {a}, {a} is an open set. 

Then ὥ= {a, b} 

¢Ƙŀǘ ƛǎΣ ϑŀϒɋɕ Ґ ϑŀϒΦ 

That is, x Ì U, U must contain Q and Qc. 

Therefore, f (U) = {a, b} Ê ϑŀϒɋɕ Ґ ϑŀϒΦ 

Therefore, f is not almost-continuous. 

   

Definition:  

 ! ƳŀǇǇƛƴƎ Ŧ Υ · Ҧ ¸ ƛǎ ǎŀƛŘ ǘƻ ōŜ almost-quasi-compact [5] if it is onto and  
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if A is open whenever f -1 (A) is regularly-open. 

Theorem: 

Suppose that f maps X onto Y and g maps Y onto Z. Then if f is  

almost-continuous and gʐf is open then g is almost-open. 

 

Proof:  

Suppose that f is almost-continuous and gʐf is open. 

Let S be any regularly-open subset of Y. 

Since f is almost-continuous, then f -1(S) is an open subset of X. 

Now, gʐ f is open. 

Therefore, (gʐf) (f -1(S)) is also open. 

But (gʐ f) (f -1(S)) = g(S). 

Therefore, g(S) is open. 

Therefore, g is almost-open.                                                                        

Theorem:  

Suppose that f maps X onto Y and g maps Y onto Z. Then if f is  

almost-continuous and if gʐf is closed then g is almost-closed. 

Proof. 

Suppose that f is almost-continuous gʐf is closed. 

Claim: g is almost-closed. 

Let S be any regularly-closed subset of Y. 

Since f is almost-continuous, f -1(S) is a closed subset of X. 

Now, gʐ f is closed. 

Therefore, (gʐf) (f -1(S)) is also closed. 

But (gʐ f) (f -1(S)) = g(S). 

Therefore, g(S) is closed. 

Therefore, g is almost-closed.                                                                    

Theorem: 

Suppose that f maps X onto Y and g maps Y onto Z. Then if f is almost- 

continuous and if gʐ f is quasi-compact then g is almost-quasi-compact. 
 

Proof: 

Suppose that f is almost-continuous and gʐf is quasi-compact. 

Let g -1(S) be a regularly-open subset of Y. 

Then, by almost-continuity of f, f -1(g -1(S)) is open  




